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Abstract

Matching logic is the foundation of the K semantic environ-
ment for the specification of programming languages and
automated generation of evaluators and verification tools.
NLML is a formalization of nominal logic, which facilitates
specification and reasoning about languages with binders,
as a matching logic theory. Many properties of interest are
inductive, and to prove them an induction principle modulo
alpha-equality is required. In this paper we show that an
alpha-structural Induction Principle for any nominal bind-
ing signature can be derived in an extension of NLML with
set variables and fixpoint operators. We illustrate the use
of the principle to prove properties of the A-calculus, the
computation model underlying functional programming lan-
guages. The techniques generalize to other languages with
binders. The proofs have been written in and generated using
Metamath Zero.

CCS Concepts: » Theory of computation — Logic and
verification; Lambda calculus; Equational logic and
rewriting.
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1 Introduction

Matching Logic [11] provides a powerful framework for the
study of programming language semantics. In this paper we
consider extensions of Matching Logic with nominal features
and fixpoints, and study proof systems for the extended logic.
Prior work proposed adding nominal features to Matching
Logic in two different ways [5]: NLML is obtained by includ-
ing the axioms of Nominal Logic [8] as a theory in Matching
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Logic, whereas NML extends the syntax and semantics of
Matching Logic to incorporate names, abstraction and the
W quantifier as primitive notions. NLML and NML provide
complementary advantages and disadvantages for the spec-
ification of languages with binders. The second approach
has the advantage of allowing users to write more concise
specifications taking advantage of the additional built-in
operations, whereas the first has the advantage of being di-
rectly definable in Matching Logic without any changes to
existing infrastructure. In both cases, proofs by structural
induction on syntax with binders can be written in a natural
way, which follows closely the structure of informal proofs.

The prior work introducing nominal extensions of Match-
ing Logic presented induction principles for the A-calculus
as an example, but these have to be assumed as axioms in
a first-order setting. In this paper, we aim to prove that the
induction principles are correct, derivable from fixed point
primitives, and can be integrated in verification environ-
ments. For this, first we consider an extension of Matching
Logic with set variables and fixpoints [3] and show this is
compatible with the nominal extensions. (As is becoming
standard in the Matching Logic community, we consider the
term “Matching Logic” to implicitly include set variables and
fixpoints by default; we reserve the term “first-order” to refer
to the baseline first-order version of ML, or of NLML.)

We focus in this paper on NLML. By adding fixpoints to
NLML and developing a proof system for the extended logic,
we obtain a more expressive logic where we are able to derive
the induction principles required to reason on languages
with binders. Interestingly, NLML extended with fixpoints
supports a different flavour of reasoning compared to tools
such as Nominal Isabelle, as the induction principle we get
using the fixpoint operator p does not have built-in freshness
constraints in the cases for binders like the strong induction
principles that are derived for nominal datatypes in prior
work [14, 15]. Instead, we use standard fixed point induction
rules, and instead make use of general properties of nominal
logic such as freshness, equivariance, and name abstraction
in appropriate places.

We first review basic concepts of nominal logic and match-
ing logic and their semantics before recalling first-order
NLML, obtained by adding nominal logic as a theory in
matching logic (Sec. 2). We then discuss extensions with
fixpoints for NLML and corresponding proof systems and
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illustrate the applications via standard lambda-calculus ex-
amples (Sec. 3). Finally we present details of a formaliza-
tion of properties of substitution using fixpoint induction in
NLML using Metamath Zero (Sec. 4). Sec. 5 discusses related
work and Sec. 6 concludes. The most relevant parts of the
formalization are included in the appendix.

2 Background

In this section we briefly recall the syntax and semantics of
matching logic [3], nominal logic [8] and their combination:
NLML [5]. In all cases, a signature X = (S, Var, X) specifies
S a set of sorts, Var a sort-indexed family of countably
many variables for each sort, and ¥ a family of sets 2, .,
indexed by S* X (SU{Pred}), assigning symbols ¢ their input
and output sorts. Here Pred is a special sort symbol used
for predicates. We assume that sorts are closed under finite
products, that is, IT{_ ; 7; is a sort whenever 7, . . ., 7, are sorts,
with associated function symbols for constructing n-tuples
(L--s) € 2py, L runn,r, and for projecting 77« 117,
In first-order (and nominal) logic ¥ also needs to specify the
sorts of relation symbols p; we use the special sort Pred and
write p € 3, . .pred to indicate that p is a predicate whose
arguments have sorts 74, . . ., 7.

Tj; Ti-

2.1 Matching-Mu Logic (ML)

Matching-Mu Logic [3] is an extension of Matching Logic [11]
with set variables and fixpoint operators. Formulas, called
patterns, are built using variables, symbols from a signature,
first-order logic connectives and quantifiers. Patterns are
interpreted as sets, generalizing both terms and first-order
logic formulas.

We consider a matching-mu logic signature X = (S, Var, X),
which we assume contains operations for product sorts and
Pred. The set Var includes two kinds of variables: element
variables x and set variables X. Patterns are generated by
the following grammar:

-

X:T| g AP | =P, | Ix: 7P,
| (e s @r,) | X7 | pX: .

where x, X € Var; (x denotes an element variable and X a
set variable), 0 € £, ;.- and in a y pattern, ¢, is positive
in X: 7 (i.e., every free occurrence of X: 7 is under an even
number of negations). The meaning of a pattern of sort 7 is a
set of elements of sort 7 that the pattern matches. We assume
there is a distinguished sort Pred and unary symbols (-)l e
S pred:r for every sort 7, called coercion, as well as equality
symbols =, at every sort 7. Other patterns (disjunction ¢; V ¢,
implication ¢; = ¢,, universal quantification, true and false)

. . A
can be defined as abbreviations, for example, T, = Ix: r.x: 7

(since carriers are non-empty sets) and L, 2T, Subscripts
indicating the sort at which an operation is used are omitted
when clear from context.
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Formally, the semantics of patterns is defined as follows.
A Matching-Mu Logic model M = ({M;};es, {om}oes) con-
sists of a non-empty carrier set M; for each sort z € S and
an interpretation op: My, X ... X M, — P(M,) for each
0 € Xq 1.0 A valuation p is a function that maps ele-
ment variables to elements of the domain and set variables
to subsets of the domain, respecting sorts: p(x) € M, for
each x € Var; and p(X) € P(M,) for each X € Var,. We
abbreviate it as p : Var — M.

Given X = (S, Var, %), a Matching-Mu Logic 2-model M
and valuation p, the extension || — ||, to patterns is defined
by:

o |[x|l, = {p(x)} for all x € Var,
IX|l, = p(X) for all X € Var,
41 A Gallp = llg1llp N 121l
||_'¢T||p =M, - ”¢r”p,
||E|x: T/~¢r”p = UaeMT/ ||¢T”p[a/x]:
lo(¢zs s P )llp = omllgzllps - ¢z, ), where
0 € 2,1, and oy denotes the pointwise extension
of o

(V. Vo) = | Hom(os,. . 00) |01 € Vi, 0, € Vi)

o [|uX: 1.¢|l, = Up F, where F(S) = ||¢.|lpxrss, that
is, uX: 7.¢, denotes the least fixpoint of ¢,.
Note that F is monotone since ¢ is positive in X, which
guarantees the existence of the least fixpoint.

A pattern ¢, is valid in M, written M £ ¢, if ||¢ ||, = M;
for all valuations p: Var — M. If T is a set of patterns
(called axioms), then M £ T' if M £ ¢ for each ¢ € T and
I'e ¢if M E ¢ forall M £ T. The pair (2,T) is a matching
logic theory, and M is a model of the theory, if M E T

Again following [3] we assume the sort Pred is interpreted
as a single-element set Mp,.q = {x}, thus, a predicate is true
if its interpretation is Mp,.q and false if its interpretation is
0. The interpretation of the operation (=) € %p,cq., maps
* to M. That is, a true predicate is interpreted as {x} which
can be coerced to the set of all patterns matching some other
sort, while a false predicate is interpreted as @ which can be
coerced to the empty pattern of sort 7. Coercions may be
omitted when obvious from context. Equality (=,) predicates
are interpreted as follows: [|¢ = ¥/, = {* | [|pll, = [I¥]l,}.
We may write ¢ C ¢ as an abbreviation for ¢ V ¢ = ¢,
and x € ¢ for x C ¢ to emphasize that when x is a vari-
able it matches exactly one value. Some presentations of

matching logic include other primitive formulas that are de-
finable using equality and coercion, such as definedness [¢],
(which can be defined as 3x : 7.x €' ¢). Alternatively, the
coercion operator can be defined using a primitive defined-
ness symbol. The notation o: 7 — ¢’ indicates that o is a
function, in which case an appropriate axiom (Function,)
for o is assumed to be included in the theory stating that
Vx.3y.0(x) = y. Since symbols ¢ can be partial or multival-
ued in matching logic, this axiom states that a definite value
for o(x) exists and is unique.
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Variables in patterns can be substituted by patterns: ¢[//x]
denotes the result of substituting i for every free occurrence
of x in ¢, where a-renaming happens implicitly to prevent
variable capture. Substituting a pattern for a universally-
quantified variable does not preserve validity in general,
however, if ¥ is functional, i.e., it evaluates to a singleton
set, then (Vx.¢) = ¢[y/x] is valid (see [3]). Substitution
of patterns for set variables ¢[//X] is similar and standard,
implicitly renaming p-bound variables to avoid capture.

Hilbert-style proof systems for matching logic are avail-
able [3, 11]. We recall the system ¥, from [3] in Figure 1.

We note the fact that Matching Logic at its core does not
have a built-in notion of equality (semantic equality, not
syntactic). Equality can however be defined inside a theory
that is usually assumed to be part of all the other theories
by default, unless stated otherwise. This theory contains a
single symbol called the definedness symbol denoted by the
ceiling operator and a single axiom stating [x]. How equality,
subset and the other usual operations involving equality are
derived from that is not discussed here but can be viewed
in [2]. As a result of this fact, we freely use equality within
our Matching Logic theories as well as equivalence with the
added note that if they occur at the top of a pattern, equality
and equivalence are logically interchangeable. The choice of
which one we chose to use at the top of a pattern is stylistic
and based on what we think would make the presentation
easier to digest.

2.2 Nominal Logic

Nominal logic [9] is a sorted first-order theory, where some
sorts a are distinguished as name sorts, and sorts include a
construction called abstraction that builds a new sort [a]r
from a name sort « and any sort 7. Nominal logic in general
allows for the possibility of multiple name sorts, but we will
consider the case of a single name-sort « for simplicity. We
will present nominal logic as a matching logic theory, an
approach referred to as NLML in prior work.

Abstractions in [a]7 correspond to elements x of 7 with
a distinguished bound name a of sort «, typically written
[a]x. The signature of any instance of nominal logic includes
function symbols (— —)-— : axXaXt — rand [-]- : axT —
[a]r denoting name swapping and abstraction, for any name
sort a and sort 7, and atomic formulas for equality (=) at
any sort and freshness (#) : @ X T — Pred relating any name
sort and any sort. Finally, nominal logic includes an extra
quantifier, Ma.@, which is pronounced “for fresh a, ¢ holds”

Pitts [9] gives a set of axioms and axiom schemas that de-
scribe the behavior of these constructs, and previous work [5]
showed these can be adapted to matching logic as shown in
Figure 2. The S axioms describe the behavior of swapping;
note that by applying the swapping (a a’) to both sides of
S3 and using S2 we can obtain (a a’) - @’ = a. Axioms F
and A characterize freshness and abstraction respectively.
The E axiom ensures equivariance, that is, that swapping
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preserves the behavior of function and atomic predicate sym-
bols. This axiom subsumes the four equivariance axioms that
are needed when defining nominal logic as a first-order logic
theory, since here o can be a function or predicate symbol.
However, E does not ensure that R(x) = R((a b) - x), so we
also include axiom P to ensure that there is just one (nec-
essarily equivariant) value of sort Pred (note that x in this
axiom can only be interpreted by the single element of Mp,g).
Finally axiom scheme Q characterizes the N-quantifier. Ad-
ditionally, to ensure that function symbols are interpreted
as (total, deterministic) functions in matching logic we also
add instances of the function axioms:

dx.c=x (Fune) Vz.3x.f(2) =x (Funy)

where f and c are the function symbols and constants of the
nominal logic signature. In particular, the built-in symbols
(- -)-—,[-]-, and — # — are assumed to be functional.
The abstraction construct can be used to specify binding
operators, as shown in the example below for the A-calculus.

Example 2.1. To specify the A-calculus we use a signature
including function symbols var, lam and app (to represent
variables, A-abstraction and application respectively), and
sorts Var and Exp where Var is a name sort and Exp is
equipped with the following symbols:

var: Var — Exp
app: Exp X Exp — Exp
lam: [Var]Exp — Exp

A term of the form Ax.e is represented as lam([x]e) where
e is the representation of e. Axiom (A1) (see Figure 2) en-
sures the a-equivalence relation between A-terms holds by
construction. The capture-avoiding substitution operation
subst: Exp X Var X Exp — Exp can be axiomatized as fol-
lows:

z (Subst1)
var(x)  (Subst2)

subst(var(x), x, z)
x # y = subst(var(x),y,z)
subst(app(x1, x2), Y, 2)

app(subst(x1,y, z), subst(x2,y,2z))  (Subst3)
a#y,z = subst(lam([a]x),y,z) =
lam([a]subst(x,y,z)) (Subst4)

Here, the first three equations are ordinary first-order (condi-
tional) equations, while the fourth specifies how substitution
behaves when a A-bound name is encountered: the name in
the abstraction is required to be fresh, and when that is the
case, the substitution simply passes inside the bound name.
Even though the Subst4 axiom is a conditional equation, the
specified substitution operation is still a total function, be-
cause any abstraction denotes an alpha-equivalence class
that contains at least one sufficiently fresh name so that the
freshness precondition holds. Other cases where the name
is not sufficiently fresh, or where we attempt to substitute
for the bound name, do not need to be specified, instead
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(PROPOSITIONS)
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?1

= (92 = ¢1)
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(=1 = =¢2) = (92 = ¢1)

?1

o o

®2

(3-QUANTIFIER)
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P1— @2

(3-GENERALIZATION) (Tx.¢1) — @2 ifx & FV(gy)

H (PROPAGATION ) ColLl] —» L
(PROPAGATIONY ) Color V @2] = Colp] V Col]

H, (PROPAGATIONZ) ColTx.] » IxCslp] ifx & FV(Cy[Ix.0])
P1 = @2

(FRAMING) CU [(Pl] - CO’ [‘Pz]
(EXISTENCE) dx. x

(SINGLETON VARIABLE)

~(Cilx A o] ACo[x A —p])
where C; and C, are nested symbol contexts.

(SET VARIABLE SUBSTITUTION)

4

ely/X]

(PRE-FIXPOINT)

(KNASTER-TARSKI)

plpX.p/X] - pX.@

4

/X1 -y

X9 =y

Figure 1. Sound and complete proof system H of matching logic (above the double line) and the proof system #,, of Matching-

Mu logic. Symbol contexts C, = (¢, ..

nested symbol contexts are compositions of symbol contexts.

(aa) x x (S1)
(ad)-(ad)-x = x (52)
(ad)-a = d (83)
(ab)-o(x) o((ab)-x) (E)
Vx: Pred.x = Tpred (P)
atxAnd #x = (ad) -x=x (F1)
atd o az#d (F2)
Ya:a,d . a#d (a# ) (F3)
Vx.3a.a # % (F4)
V. (Ma¢p & Haa#xAg)
(FV(Ma.gp) €x)  (Q)
[alx=[d]x’ & (a=d Ax=Xx")
Via#x' ' A(aad) -x=x") (A1)
Vx:[a]lr.Ja:ay:7.x = J[aly (A2)

Figure 2. Matching Logic axiomatization of Nominal Logic

they can be proved from the above axioms and an induction
principle for A-terms (see e.g. [14]).

Alternative presentations of the axioms, using a concre-
tion operator (which is partial function) and a fresh operator
(which is multivalued), are also available, see [5] for details.

Nominal sets provide semantics to nominal logic (cf. [10])
and can be used to define matching logic models of nominal
logic [5]. We recall the main definitions:

20

.,0O,...,¢n) are one-hole contexts where the hole is an argument to a symbol, and

Let G be the symmetric group Sym(A) of finite permuta-
tions on some countable set A of atoms, which is generated
by the swappings (a b) where a,b € A. A G-set is a structure
(X, -) equipped with carrier set X and an action of G on X, i.e.
a function 7, x — - x satisfying the laws (1) id-x = x and (2)
(mrox”)-x = -7’ -x. The support of an element of G is the set
of atoms not fixed by x, i.e. supp(rw) = {a € A | x(a) # a}.

A support of an element x of a G-set is a set S of atoms such
that for all & with supp(z) NS = @ we have 7 - x = x. A nom-
inal set is a G-set in which all elements have a finite support.
This implies each element has a unique, least finite support
which is denoted supp(x) = ({S € A | Va.supp(r) NS =
0= 7 -x=x}

Two special constructions on nominal sets are the set A
of atoms, where 7 - a = 7(a) and supp(a) = {a}, and the
set of abstractions over A and X, written [A]X. The latter is
defined as the set of equivalence classes of pairs A X X by
the following relation:

(a,x) =¢ (b, y) © Ve & supp(a,b,x,y).(ac) -x=(bc)-y

Swapping applies to such equivalence classes pointwise, that
is, 7-E = {{(n-amrx-x) | {ax) € E}, and supp([a]x) =
supp(x) — {a}. It is again a standard result that A and [A] X,
as defined above, are nominal sets if X is.

Using the above constructions, the presentation of nomi-
nal logic in matching logic, given by the axioms in Figure 2
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together with axioms Fun. and Funy, is correct. More pre-
cisely, any closed nominal logic formula (i.e., any closed
first-order formula ¢ using the signature of nominal logic)
can be translated to a pattern ¢’ : Pred preserving validity
(see [5] for details).

3 NLML: Nominal Logic as a Matching-Mu
Logic Theory

NLML as presented in [5] is a specification of nominal logic as
a theory in matching logic. Here we consider instead nominal
logic as an instance of matching-mu logic. We will find it
convenient to reformulate the axioms slightly, principally by
replacing single-valued variables with multi-valued patterns
when possible and by defining a support pattern supp(¢) that
matches all atoms in the support of an element of ¢, which
we then use to define freshness.

There are several considerations we will address in turn:

1. Syntax: The only significant difference when moving
to matching-mu logic is the addition of set variables
and p. We also include a supp symbol in the signature,
which we use to define a fresh-for pattern, as well as a
comma symbol that is used for specifying simultane-
ous freshness constraints (more on that later).

2. Axioms: We add axioms asserting that the built-in func-
tion symbols from nominal logic are functions, and
generalise the axioms S1, 52, F1, F4, Al to use multi-
valued patterns.

3. Semantics: We need to confirm that the semantic be-
havior of the additional features is well-behaved from
the point of view of nominal set models.

Once the above three issues are addressed, we can proceed
to use NLML as an ordinary matching-mu logic theory, with
confidence that the behavior of nominal constructs is con-
sistent with the first-order treatment; more importantly, we
can provide a solid foundation for definitions of languages
with binding using 1, such as the lambda-calculus, directly
instead of requiring additional ad-hoc axiom schemes for
inversion and induction as in prior work.

3.1 Syntax

We consider matching-mu logic with the syntax specified
in Section 2.2, which includes symbols for swapping, ab-
straction, etc. and include in the signature also the symbol
suppr : Xr.o which for each sort, maps elements of that sort
to the names present in their supports. Note that the support
can be empty or multivalued. We define fresh_for using supp
as follows:

fresh_for(¢, ) = ~(¢ < supp(y))
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3.2 Axioms

We assume that the built-in symbols such as swapping and
abstraction, and other symbols unless explicitly stated, be-
have as functions according to the axioms

dx.c=x (Fune) Vz.3x.f(2) =x (Funy)

As noted in previous work the axiom Q for the freshness
quantifier of nominal logic can be used to remove all occur-
rences of the freshness quantifier from a formula or theory.
This is helpful in our setting because we wish to work in
a conventional matching logic setting without having to
modify implementations to add additional quantifiers.

Thus, we assume from now on that if U is used it is only as
a shorthand for an instance of the right-hand side of axiom
Q.
The axioms S1, 52, F1, F4, A1l are generalised to use multi-
valued patterns whenever possible, as follows:

(aa)-¢9 = ¢ (51%)
(ad’)-(ad)-¢ = ¢ (52')
atpnd #¢9 = (ad) - ¢p=¢ (F1")
Jda.a# ¢ for finitely valued ¢ (F4’)
l[alp=[d]y & (a=d ANp=1)
Via#yA(ad)-¢g=9y) (A1)

In axiom F4’ we have to restrict ¢ to be finitely-valued to
ensure there exists a fresh atom (otherwise ¢ could match
the whole set of atoms, leading to an inconsistency). It is
worth noting that this formulation is a little handwavey as
there is no easy way to express in Matching Logic the fact
that a pattern is matched by a finite number of values (as is
the case in most logics, one needs the notion of bijections and
natural numbers in order to express finiteness). To get around
this issue, we actually require ¢ to be single-valued but we
include a binary symbol that is axiomatized appropriately
so as to "bundle together" multiple values into one, similar
to a categorical product. We call this operator Comma and
explore it in more detail in Section 4.

These axioms are equivalent to the original ones (Figure 2).

3.3 Models

As in previous work [5], sorts are interpreted as nominal
sets and name sorts correspond to sets of atoms. The main
differences from the previous specification of nominal logic
in matching logic are the interpretation of set variables (in
the power set of the domain) and the interpretation of .

We need to check that the interpretation of 4 is indeed a
nominal set. This follows from Proposition 7.14 in [10]: the
least fixpoint operator preserves the support, assuming an
equivariant, monotone function.

The correctness of the representation of nominal logic
in matching logic using the axioms in Figure 2 was shown
in [5]. The proofs are also valid in matching-mu logic (which
subsumes matching logic).
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Proposition 3.1 ([5]). There exists a natural translation from
closed nominal logic formulas to first-order NLML formulas,
¢ — ¢, such that ¢’ : Pred and:

1. If ¢ is provable in nominal logic then ¢’ = T in NLML.
2. If ¢ is not provable in nominal logic then ¢’ = L in
NLML.

The translation is natural in the sense that each term in the
formula is translated to its correspondent in NLML.

In prior work [5], a matching logic symbol fresh, ., was
considered instead which matches names fresh for values of
some sort 7. Thus, for a variable x of sort 7 denoting a single
value, the pattern # (x) matches all names a of sort « that
are fresh for x. The semantics of matching logic patterns
then dictates that for a pattern ¢, the pattern fresh(¢) will
match all names that are fresh for some value matching ¢; so
for example, perhaps counterintuitively, we have fresh(a v
b) = T4, will match all names because every name is fresh
for some other name. Here, we take a different approach
by taking as primitive the support operation supp, which
for a single-valued variable x matches names that are in
the support of x. Then, supp(¢) matches names that are
in the support of some value matching ¢. This can again
have counterintuitive consequences for patterns that match
infinitely many values, but behaves a little better for patterns
that match only finitely many values, in which case the
meaning of the support pattern is exactly the union of the
supports of the values. We can define the freshness relation
straightforwardly in terms of supp as usual: a # x = a ¢

supp(x).

3.4 Induction Principle

In Matching Logic we can naturally derive induction princi-
ples for simple algebraic data types defined via the p operator.
More exactly, assume we want to formalize an ADT defined
by a number of productions which may be inductive:

ADT = constr{(T}, . .. Tnll)

| constry(TZ,... T,fz)

| constrn, (T}", ... T, )

where any of the T’s may be replaced by ADT.

In Matching Logic we would define the data type above us-
ing a p pattern that matches all objects constructed via these
productions (made up of a combination of the m constructors
above):

pX.constrl(Tﬁ, . T,%IT) \VERERY; constrm(Tl'"T, . T:;T)

where ADT" = X and each Tb“Jr =T, if T,! isnot ADT. For ex-
ample, this is (part of) how natural numbers are axiomatized
in [3]:

Nat = pX.zero V succ(X)
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for previously defined sort Nat and constructors zero : Nat
and succ : Nat — Nat. This axiom corresponds to the
standard notion of “no junk”.

If we just add a statement of this form to our theory, we
can then immediately derive an induction principle for our
ADT, in the form of a Matching Logic theorem that looks
like this:

(constry (T}, ... T,;i) =¢)=

i ¥
(constr,(T? ,.--T,fz )= ¢) =

(constrp, (T, .. .T,:'fni) =¢) =
(ADT = ¢)

where ADT* = ¢ and each Tb“"t =T} if T, is not ADT.
In the case of natural numbers, the induction principle

will look like:
(zero = ¢) = (succ(¢p) = ¢) = (Nat = ¢)

In layman’s terms this is saying that if we can prove that
a pattern is closed under the given productions, then the
whole data type is contained within the pattern.

Similar techniques can be used to derive a-structural in-
duction principles for languages with binding operators in
NLML. For our formalisation of lambda calculus, we first add
a standard “no junk” axiom:

Exp = pXwar(Var) V app(X,X) V lam([Var]X)
corresponding to the three productions of lambda calculus:

Exp =var(Var) | app(Exp,Exp) | lam([Var]Exp).

This axiom says that Exp is the least fixpoint of the con-
struction that includes all variables built from variable names
in a, and is closed under applications and lambda-abstractions
of names in a.

Then, using the axiom above we can derive the following
standard induction principle:

(var(Tyar) = ¢) =

(app(¢,¢) = ¢) =

(lam([Tvarlgp) = ¢) =
(Texp = @)

In contrast with the approach taken in [5], which used the
less expressive first-order matching logic, here we are able
to axiomatize Exp directly using y and then the induction
principle is derivable.

Note that the induction principle as stated above is dif-
ferent from the one presented in prior work, which was
schematic over a predicate P € Xpypr,.. z,;Pred Parame-
terised by an expression and some additional variables 7
representing context with respect to which bound variables
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need to be fresh:
(Ya: Var.P(var(a), 7))

=
(Vt1: Exp, ty: Exp.P(t1,§) A P(t2, §) = P(app(t1,t2), 7))
=

(Ya:Var,t : Exp.a # § = P(t,§) = P(lam([alt)), )
=

Vt: Exp.P(t, )

This induction principle, which had to be taken as an axiom
in [5], corresponds to the strong nominal induction princi-
ples provided by Nominal Isabelle [14, 15], specifically in the
third case for lambda-abstractions where we are permitted
to assume the bound name a is fresh for all of the variables
7.

We will now argue the case that the schematic induction
principle above is not as useful when working in a Matching
Logic context.

First note that the induction principle defined in previ-
ous work is expressed in terms of this arbitrary predicate
P that can be applied to lambda terms. In Matching Logic,
constructing predicate expressions parametric in element
variables is awkward at best. One of the easiest ways to con-
struct something resembling P is to introduce a new symbol
for each predicate that we are interested in and to axioma-
tize the behavior of this symbol when applied to an element
variable of the appropriate type. Instead of doing this how-
ever, we can opt for a much more idiomatic way to express
predicates in Matching Logic, and that is by considering the
predicate on some sort S to be represented by a pattern ¢
with ¢ C S. The idea is that any element in S that satisfies
the predicate will be matched by ¢ and any element matched
by ¢ will satisfy the predicate. So ¢ here is thought of as the
pattern matching all elements that satisfy the predicate!. If
we try to restate the former induction principle under this
interpretation, we note that we cannot easily integrate the
freshness constraint § into the predicate. The closest variant
we can get is the following:

(Va,b : Var. (ab)p = ¢) =

(Va : Var.var(a) € ) =

(Vi t2 : Exp.ty € Aty € g = app(ty, 1) € §) =

(Va:Var,t : Exp.a# p= (t € ¢) = lam([a]t) € ) =
Vt:Exp.te¢

where p represents a pattern (that may be chosen by the user
of the theorem) matching the variables and terms that we
want to be fresh for.

10ne thing to note here is that we use the word "predicate” to refer to
first-order predicates, parametric in one or more variables. Matching Logic
also has the notion of a "predicate" although that is a different concept - it
refers to patterns that are either matched by everything or nothing. This is
not what we are referring to.
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The keen eyed reader may notice that this formulation is
almost equivalent to the standard induction principle stated
earlier. The only differences are the addition of the first an-
tecedent requiring ¢ to be equivariant (closed under swaps)
and the a # p constraint in the fourth antecedent. This is
indeed the first iteration of the induction principle that we
proved ("induction_principle" in the formalization). Due to
this difference however, the proof was more difficult than
the one for the standard induction principle. On top of that,
we later realised that for our purposes, this formulation was
not any stronger than the standard induction principle. To
see exactly why this "baked-in" freshness guarantee was not
useful for the user of the principle, consider what ¢ would
normally look like when instantiated. For the substitution
lemma (which we will discuss shortly), the resulting ¢ looks

like this:
satisfying_exps =3x : Exp.xA
Va,b:VarNpy, ps : Exp.a# p2,b =
x[p1/allp2/b] = x[p2/bl[p1[p2/b]/al

Notice how the variables that we need a to be fresh for
are bound inside the definition of satisfying_exps. Thus we
have no way to construct a meaningful p for the induction
principle.

After realising this shortcoming of this induction principle,
we decided to instead change our approach and use the stan-
dard induction principle for y ("simple_induction_principle"
in the formalization).

In the rest of this section we show how to use the tech-
niques described above to prove properties of the lambda-
calculus. Our case study for demonstrating the power and
effectiveness of our approach is the derivation of the well-
known substitution lemma in lambda calculus, namely:

plpi/allpz/b] = plp2/bllp1[p2/bl/al if a # py, b

To this end, we had to perform a proof by induction on p
by using the induction principle. More precisely we had to
prove that Ty, = satisfying_exps which is where the induc-
tion principle comes into play. While, by using the standard
induction principle, we no longer need to provide the proof
of equivariance of satisfying_exps directly, we still need this
in order to prove the third antecedent of the standard induc-
tion principle:

(lam([Tvar]satisfying_exps)) C satisfying_exps

On the high level, the proof consisted of choosing an ar-
bitrary term matching the LHS of the subset relation, say
[a]p such that a : Var and p € satisfying_exps. Using ax-
iom F4 of Nominal Logic, we can find a variable b that is
fresh for every term and variable seen so far. Using ax-
iom Al, we can show that [a]p = [b]((ab)p). Using the
equivariance of satisfying_exps, we were able to show that
p € satisfying_exps = (bc)p € satisfying_exps. Therefore,
our original term [a]p equals some other term [b]p’ for some
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p’ € satisfying_exps. Using the fact that b is chosen to be
fresh for everything, the rest of the proof is straightforward.

The other two antecedents regarding the var and app sym-
bols are straightforward, using the axioms of lambda substi-
tution (Subst1)-(Subst4) (whose formalizations are shown
in detail in the next section).

Once we successfully proved all three antecedents of the
standard induction principle, and knowing also that
satisfying_exps C Ty, from its definition, we were able to
use the principle to prove that Tgy, = satisfying_exps. Using
this fact, the rest of the proof is routine.

4 Mechanization

The mechanization part of the project consists of formalizing
the theory presented above in a proof assistant. For this
we have used Metamath Zero? (see [1]). The entire code of
our formalisation (including the base library, but excluding
Metamath Zero itself) can be found in the supplementary
material part of the submission, as a zip file. We recommend
that the reader follows along while looking at these files if
they are interested in all the technical details of our work.
But for convenience we also added most of the code (minus
the proofs) to appendix (A).

4.1 Metamath Zero

Metamath Zero is a new proof assistant, inspired from Meta-
math [7] and designed with the same philosophy of stripping
down the trust base to the minimum necessary. The frame-
work includes a custom binary format (mmb) for encoding
proofs and a text based format for encoding specifications
that the proofs are checked against (mmo0). It also includes a
number of tools designed to aid in proof engineering, such
as a higher level proof language (mm1) that compiles down
to a pair of spec (mmo0) and proof (mmb) files as well as a VS
Code extension.

We chose to use Metamath Zero for the following reasons:
We had access to begin with to an extensive MM0 Matching
Logic library [12] as well as to expertise regarding its design.
Additionally we like MMO for its simplicity and its minimal
trust base (quite possibly the smallest in terms of lines of
code compared to the standard distributions of all other
mainstream proof assistants, including Metamath) as well as
its incredible performance when checking proofs.

Our work builds upon the aforementioned library by intro-
ducing a new Matching Logic theory formalizing Nominal
Logic. Patterns in this theory correspond to sets of finitely
supported elements of Nominal Sets as per [10].

We then used this theory to formalize untyped lambda
calculus and to derive an induction principle for lambda
terms, as described in the earlier section. Finally, we used
this induction principle to prove a standard result about
substitutions in lambda calculus.

Zhttps://github.com/digama0/mmo
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4.2 Applicative Matching Logic

One important aspect to note about the Matching Logic li-
brary is that it is based on Applicative Matching Logic [4], a
variant of Matching Logic without sorts or function signa-
tures. The reason why we chose this variant is first because it
cuts down on complexity, reducing the logic to its bare mini-
mum, and second because it makes the formalization more
flexible as it is not affected by Metamath Zero’s limit on the
number of definable sorts. Furthermore, as shown in earlier
work on this subject, sorts and function signatures can be
defined at the object level on top of Applicative Matching
Logic (abbreviated further on as AML) as a theory, so we are
also reducing the trust base.
Below is the definition and grammar of AML:

Definition 4.1. An AML signature (EVAR, SVAR, 3) has a set
EVAR of element variables x,y, . . ., a set SVAR of set variables
X,Y,..., and a set X of (constant) symbols o, f,g,.... We
often omit EVAR and SVAR and use X to denote the signature.
The set of AML patterns, denoted PATTERN, is defined as:
pr=x|X|oleiga| Lot = 2 3x.0 | pX.@

where in uX . ¢ we require that ¢ is positive in X, i.e., X is not
nested an odd number of times on the left of an implication
p1 = @o. Pattern ¢q¢, is called application and assumed
associative to the left. The scope of binders 3 and p goes
farthest to the right. The notions of free variables FV(¢),
a-renaming, and capture-avoiding substitution (p[//x] and
¢[¢/X]) are defined in the usual way.

We briefly outline the way in which we axiomatize sorts.
Each sort that we want to consider will have an associated
sort symbol in the signature which we axiomatize to be func-
tional (matched by a singleton). Additionally, all signatures
will have a special symbol denoted dom that represents the
domain of a given sort when applied to its symbol (e.g. for an
appropriate axiomatization of integers, dom Int will match
all integers).

Once we have this, it is straightforward to axiomatize a
symbol’s signature. Take, for example, a symbol f: A — B.
This will correspond to the following axiom:

Vx.x € dom A= f x € dom B

The case when f has a longer signature is analogous.

4.3 Formalization

We start by explaining some of the particularities of the
Metamath Zero syntax. Each axiom or theorem has a name
followed by a list of metavariables that it is parameterised by
(see the examples later in this section and also the Appendix).
The metavariables in curly braces can only be instantiated
by distinct variable names while the ones in parentheses
can be instantiated by any pattern. Sometimes we may also
have a list of variables after the sort definition, like here:
(phi : Pattern a b ¢ d). This simply means that the given
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names are allowed to occur in the instantiation of phi, while
if they are absent, then phi may not contain those. We aim to
have as few such restrictions as possible so we usually allow
all mentioned variables in all patterns, except for Matching
Logic sorts.

Following the declaration of metavariables we have a pos-
sibly empty list of hypotheses (which in the case of theorems
have names also) followed by a conclusion. Each hypothesis
and the conclusion is wrapped in dollar signs which signify
math mode. When using an axiom or theorem in a proof, all
hypothesises must be proved in order to obtain a proof of
the conclusion.

For example note how we formalise axiom (S3):

axiom S3 {a b: EVar} (alpha: Pattern a b):
$ is_atom_sort alpha $ >
$ s_forall alpha a (
s_forall alpha b (
((swap (eVar a) (eVar b) (eVar a)) == (eVar b)))) $;

The notation is_atom_sort simply requires that the pro-
vided pattern is indeed an atom sort, that is, that it is part
of the sort of all atom sorts. The notation is_nominal_sort
is analogous.

The predicate is_sorted_func is used to represent the fact
that the given pattern is of a given sort and also functional
(matched by a single element). More precisely,

is_sorted_func(S,$) = Ix : Sx=¢.

Note that while the statements and definitions that we
use may seem verbose, those can be made more succinct
by using mm1 macros or by adjusting the binding power of
operators to reduce use of brackets, but this is outside the
scope of our current work.

Before presenting the embedding of our axioms and theo-
rems, we will go over some of the noteworthy design deci-
sions that we had to make along the way:

Equivariance axioms. The Nominal Logic axiom scheme
E states that every symbol is equivariant. While we did start
off by attempting to state a universal axiom about all possible
symbols, we found that to be potentially dangerous and
prone to misunderstandings. There are a number of reasons
why we don’t want to be so restrictive. Specifically, we chose
to design our library so that it may soundly interoperate with
other Matching Logic theories. We also wanted to allow one
to add symbols to our theory that are needed for technical
reasons but that may not be necessarily equivariant, like a
symbol that can check membership of a an atom inside a
given set. As a result of these considerations we decided to
drop axiom E and to instead construct specific equivariance
axioms for each individual symbol that we add. This resulted
in axioms such as the following:
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axiom EV_abstraction {a b: EVar} (alpha tau: Pattern)
(phi psi: Pattern a b):
$ is_atom_sort alpha $ >
$ is_nominal_sort tau $ >
$ s_forall alpha a (s_forall alpha b (
(is_of_sort phi alpha) ->
(is_of_sort psi tau) ->
((swap (eVar a) (eVar b) (abstraction phi psi)) ==
abstraction
(swap (eVar a) (eVar b) phi)
(swap (eVar a) (eVar b) psi)))) $;

axiom EV_swap {a b c d: EVar} (alpha tau: Pattern)
(phi: Pattern a b c d):
$ is_atom_sort alpha $ >
$ is_nominal_sort tau $ >
$ s_forall alpha a (s_forall alpha b (
s_forall alpha ¢ (s_forall alpha d (
(is_of_sort phi alpha) ->
(is_of_sort psi tau) ->
((swap (evVar a) (eVar b)
(swap (eVar c) (eVar d) phi)) ==
swap
(swap (eVar a) (evVar b) (evVar c))
(swap (eVar a) (evVar b) (evVar d))
(swap (eVar a) (eVar b) phi)))))) $;

axiom EV_supp {a b: EVar} (alpha tau: Pattern)

(phi: Pattern a b):

$ is_atom_sort alpha $ >

$ is_nominal_sort tau $ >

$ s_forall alpha a (s_forall alpha b (
(is_of_sort phi tau) ->
((swap (eVar a) (eVar b) (supp phi)) ==
supp (swap (eVar a) (eVar b) phi)))) $;

Multi-valued ML patterns. While Nominal Logic was
initially designed as a theory in First-Order Logic, we found
it interesting and more idiomatic to leverage the expressive-
ness of Matching Logic when restating the Nominal Logic
axioms. As such we decided to express the axioms in terms of
Matching Logic pattern metavariables, which may be multi-
valued in the interpretation. This is not due to a limitation
in Matching Logic or in Metamath Zero. We could have in-
stead been more faithful to the original axiomatization and
used universally quantified element variables (which are
single valued) instead of the pattern metavariables but this
wouldn’t have been as idiomatic for Matching Logic. Instead
we allowed some of the variables to now be multi-valued,
making sure that this is a conservative change. This is more
in-line with what makes Matching Logic shine in the first
place, working by default with sets of objects, all matched by
a single pattern. This change feels very natural and makes
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the statements look a lot closer to their formulation in stan-
dard Nominal Logic. We see the fact that we can do this with
no compromises as one of the contributions of our work.

Support. As mentioned in earlier sections, we decided to
not use a primitive notion of freshness, but instead to define
freshness in terms of the support of a pattern, represented by
the symbol supp. This is because supp behaves very nicely
as a matching logic symbol, which is in turn because of
the point-wise semantics of symbol application in Matching
Logic. If we defined fresh as a primitive symbol giving us
all the fresh atoms of a term, then fresh applied to a multi-
valued pattern would have an unexpected and awkward
meaning: fresh(phi) would not match all the atoms fresh
for all terms that match phi, instead it would match all the
atoms fresh for at least one term matching phi. In particular,
assuming a and b are disjoint, fresh(a V b) would match all
atoms since any atom is fresh for either a or b. If we however
instead consider supp as the primitive symbol, we note that
it does behave as expected: supp(phi V psi) will match all
the atoms in the union of the supports of phi and psi, and in
particular supp(a V b) = a Vv b. This allows us to define the
fresh_for predicate as follows: fresh_for(phi, psi) = phi &
supp(psi). This has the added advantage that it allows us to
use a multi-valued pattern for the atoms in question and it
still retains the semantics that we expect: that all the atoms
matching phi are fresh for all the terms matching psi.

Axiom F4 and the Comma operator. Stating that a pat-
tern has a finite interpretation is surprisingly difficult in
Matching Logic. We can use certain tricks to state that a
pattern is matched by exactly N elements for a given N but
we can’t easily state in Matching Logic itself that a pattern is
matched by N elements for some unknown natural number
N. This forces us to be very careful when stating axiom F4,
which allows us to find a fresh atom for any finite list of terms.
If we naively expressed axiom F4 as Jx.fresh_for(x, phi) for
some metavariable phi then nothing would be stopping us
from instantiating phi by the sort of all atoms T,, which
would obviously be unsound. We therefore choose to restrict
our formalization of axiom F4 to require that phi is matched
by a single element:

axiom F4 {a: EVar} (alpha tau phi: Pattern):
$ is_atom_sort alpha $ >
$ is_nominal_sort tau $ >
$ (is_sorted_func (dom tau) phi) ->
(s_exists alpha a (fresh_for (eVar a) phi)) $;

While this solves the unsoundness issue, it is too restrictive
for our needs. To counter that, we introduce a new symbol:
comma, also written , ,. The purpose of this symbol is to
bundle together multiple terms into a single one, such that
we may use it in axiom F4:
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term comma_sym: Symbol;
def comma (phi psi: Pattern): Pattern =
$ (sym comma_sym) @@ phi @@ psi $;
infixl comma: $,,$ prec 35;
term comma_sort_sym: Symbol;
def comma_sort: Pattern = $ sym comma_sort_sym $;
axiom comma_sort_nominal: $ is_nominal_sort comma_sort $;
axiom fresh_comma {a: EVar} (alpha taul tau2: Pattern)
(phil phi2: Pattern a):
$ is_atom_sort alpha $ >
$ is_nominal_sort taul $ >
$ is_nominal_sort tau2 $ >
$ s_forall alpha a (
(is_of_sort phil taul) ->
(is_of_sort phi2 tau2) ->
(fresh_for (eVar a) (phi1 ,, phi2)) ->
(fresh_for (eVar a) phil) /\
(fresh_for (eVar a) phi2)) $;

As we can see, the fresh_comma axiom allows us to unpack
these bundled terms. We also note that since all terms must
have finite support, combining two terms together in this
manner also gives us something with finite support, so this
is not breaking soundness.

Functions. Since we are working in an Applicative Match-
ing Logic based system (due to its minimality), sorts and func-
tions must be defined at the object level. What this means
is that, besides the equivariance axioms, we must also add
for each symbol an axiom stating that it is a function with a
certain signature. What each of these axioms state is that if
the symbol in question is applied to singleton patterns of the
correct sort, the result will also be a singleton of the output
sort. Below are a few examples of these axioms:

axiom function_swap:
$ is_atom_sort alpha $ >
$ is_nominal_sort tau $ >
$ ,(is_function '(sym swap_sym) '[alpha alpha taul
'tau) $;
axiom function_swap_atom:
$ is_atom_sort alpha $ >
$ ,(is_function '(sym swap_sym) '[alpha alpha alphal]
'alpha) $;
axiom function_abstraction:
$ is_atom_sort alpha $ >
$ is_nominal_sort tau $ >
$ ,(is_function '(sym abstraction_sym) '[alpha tau]
'(sort_abstraction alpha tau)) $;
axiom multifunction_supp:
$ is_atom_sort alpha $ >
$ is_nominal_sort tau $ >
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$ ,(is_multi_function '(sym supp_sym) '[tau]
'alpha) $;

Nominal Logic. We are now ready to present an overview
of the structure of the main file defining Nominal Logic:

term atoms_sym: Symbol;
def atoms: Pattern = $ sym atoms_sym $;

axiom sort_atoms: $ is_sort atoms $;

term nominal_sorts_sym: Symbol;
def nominal_sorts: Pattern = $ sym nominal_sorts_sym $;
axiom sort_nominal_sorts: $ is_sort nominal_sorts $;

axiom atoms_nominal_sorts: $ dom atoms C=

dom nominal_sorts $;

def is_atom_sort (alpha: Pattern): Pattern =

$ (is_func alpha) /\ (alpha C= dom atoms) $;
def is_nominal_sort (tau: Pattern): Pattern =

$ (is_func tau) /\ (tau C= dom nominal_sorts) $;
def is_atom (a alpha: Pattern): Pattern =

$ is_sorted_func (dom alpha) a $;

Most of the above is boilerplate code required to set up
the infrastructure for working with sorts as well to state
that atom sorts are also nominal sorts and to introduce some
useful definitions that we briefly discussed in earlier sections.

Besides this and the symbol axioms discussed above, we
only have the Nominal Logic axiomatization that we are now
ready to present:

axiom S1 (alpha tau a phi: Pattern):
$ is_atom_sort alpha $ >
$ is_nominal_sort tau $ >
$ (is_atom a alpha) ->
(is_of_sort phi tau) ->
((swap a a phi) == phi) $;
axiom S2 {a b: EVar} (alpha tau phi: Pattern a b):
$ is_atom_sort alpha $ >
$ is_nominal_sort tau $ >
$ s_forall alpha a (
s_forall alpha b (
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$ s_forall alpha a (
s_forall alpha b (
(is_of_sort phi tau) ->
((fresh_for (eVar a) phi) /\
(fresh_for (eVar b) phi) ->
((swap (eVar a) (eVar b) phi) == phi)))) $;
axiom F2 {a b: EVar} (alpha: Pattern a b):
$ is_atom_sort alpha $ >
$ s_forall alpha a (
s_forall alpha b (
(((evar a) != (eVar b)) <->
(fresh_for (eVar a) (evVar b))))) $;
axiom F3 {a b: EVar} (alphal alpha2: Pattern a b):
$ is_atom_sort alphal $ >
$ is_atom_sort alpha2 $ >
$ s_forall alpha a (
s_forall alpha b (
(alphal != alpha2) -> ((eVar a) != (eVar b)))) $;
axiom F4 {a: EVar} (alpha tau phi: Pattern):
$ is_atom_sort alpha $ >
$ is_nominal_sort tau $ >
$ (is_sorted_func (dom tau) phi) ->
(s_exists alpha a (fresh_for (eVar a) phi)) $;
axiom A1 {a b: EVar} (alpha tau phi rho: Pattern a b):
$ is_atom_sort alpha $ >
$ is_nominal_sort tau $ >
$ s_forall alpha a (
s_forall alpha b (
(is_of_sort phi tau) ->
(is_of_sort rho tau) ->
(((abstraction (eVar a) phi) ==
(abstraction (eVar b) rho)) <->
(((evar a) == (eVar b)) /\ (phi == rho)) \/
((fresh_for (eVar a) rho) /\
((swap (eVar a) (eVar b) phi) == rho))))) $;
axiom A2 (alpha tau: Pattern) {x a y: EVar}:
$ is_atom_sort alpha $ >
$ is_nominal_sort tau $ >
$ s_forall (sort_abstraction alpha tau) x
(s_exists alpha a (s_exists tau y
(eVar x == abstraction (eVar a) (eVar y)))) $;

As can be noted, the statements look very similar to the
ones presented in Section 2.

In what follows we will also present the axiomatization
of lambda calculus as well as the statements of our two
main theorems: the induction principle and the substitution

(is_of_sort phi tau) ->
((swap (evar a) (eVar b)
(swap (eVar a) (eVar b) phi)) == phi))) $;
axiom S3 {a b: EVar} (alpha: Pattern a b):

$ is_atom_sort alpha $ > theorem.
$ s_forall alpha a (
s_forall alpha b ( term Var_sym: Symbol;
((swap (eVar a) (eVar b) (evar a)) == (eVar b)))) $; def Var: Pattern = $ sym Var_sym $;
axiom F1 {a b: EVar} (alpha tau phi: Pattern a b): def Vars: Pattern = $ dom Var $;
$ is_atom_sort alpha $ > def is_var (p: Pattern): Pattern =
$ is_nominal_sort tau $ > $ is_of_sort p Var $;

27



CPP ’25, January 20-21, 2025, Denver, CO, USA Mircea Sebe, Maribel Fernandez, and James Cheney

axiom Var_atom: $ is_atom_sort Var $; ((1c_app exp_pred exp_pred) C= exp_pred) ->
((lc_lam (abstraction Vars exp_pred))

term Exp_sym: Symbol; C= exp_pred) ->

def Exp: Pattern = $ sym Exp_sym $; (Exps == exp_pred) $

def Exps: Pattern = $ dom Exp $;

def is_exp (p: Pattern): Pattern = Following this, we introduce the axiomatization of the

I HELEI SO [ 121 5 substitution operation:

axiom Exp_sort: $ is_nominal_sort Exp $;

Here we introduce the two sorts that we will be working exdem subei freel {e [erh (pid Lz Faiiern <
with, Var and Exp, and we axiomatize that they are atom and $ s_forall Var a (
nominal sorts respectively. s 2p pir) =

We then introduce the four symbols that we will be work- (is_exp plug) ->

(fresh_for (eVar a) phi) ->
((subst (eVar a) phi plug) == phi)) $;
axiom subst_same_var {a: EVar} (plug: Pattern a):

ing with, three constructors and one function:

var : Var — Exp

app : Exp X Exp — Exp $ s_forall Var a (
lam : sort_abstraction(Var, Exp) — Exp (is_exp plug) ->
subst : Var xExp xExp N Exp ((subst (eVar a) (lc_var (eVar a)) plug) ==
plug)) $;

Each of which comes with a function axiom and an equiv- axiom subst_diff_var {a b: EVar} (plug: Pattern a b):
ariance axiom, as described above. Here is what these def- $ s_forall Var a (
initions and axioms look like for lam (we skip the rest for s_forall Var b (
brevity): ((evVar a) != (eVar b)) ->

(is_exp plug) ->
((subst (eVar b) (lc_var (eVar a)) plug) ==
(lc_var (eVar a))))) $;
axiom subst_var {a b: EVar} (plug: Pattern a b):
$ s_forall Var a (
s_forall Var b (
((evar a) == (eVar b)) ->
(is_exp plug) ->
((subst (eVar b) (lc_var (eVar a)) plug) ==

term lc_lam_sym: Symbol;
def lc_lam (phi: Pattern): Pattern =
$ (sym lc_lam_sym) @@ phi $;
def lc_lam_a (a p: Pattern): Pattern =
$ lc_lam (abstraction a p) $;
axiom function_lc_lam:
$ ,(is_function '(sym lc_lam_sym)
'[(sort_abstraction Var Exp)] 'Exp) $;
axiom EV_lc_lam {a b: EVar} (phi: Pattern a b):

$ s_forall Var a (s_forall Var b ( plug))) $;
axiom subst_app {a: EVar} (phil phi2 plug: Pattern a):

$ s_forall Var a (
(is_exp plug) ->

(is_of_sort phi (sort_abstraction Var Exp)) —->
((swap (eVar a) (eVar b) (lc_lam phi)) ==

lc_lam (swap (eVar a) (eVar b) phi)))) $;
(is_exp phi1) ->

We then have the standard no junk axiom, as described (is_exp phi2) ->
earlier: ((subst (eVar a) (lc_app phil phi2) plug) ==
(lc_app

axiom no_junk {X: SVar}: (subst (eVar a) phil plug)

(subst (eVar a) phi2 plug)))) $;
axiom subst_lam {a b: EVar} (plug phi: Pattern a b):
$ s_forall Var a (
s_forall Var b (
((evar a) != (evar b)) ->
(fresh_for (evVar a) plug) —>
(is_exp plug) ->

$ Exps == mu X ( (lc_var Vars)

\/ (lc_app (sVar X) (sVar X))

\/ (lc_lam (abstraction Vars (sVar X))))
$;

Below is the standard induction principle. It is slightly
modified from the one presented earlier in order to better fit

our proofs but can be very straightforwardly derived from
(is_exp phi) ->

it.
((subst (eVar b) (lc_lam (abstraction
theorem induction_principle (exp_pred: Pattern): (eVar a)
$ (is_exp exp_pred) -> phi)) plug) ==

((lc_var Vars) C= exp_pred) -> (lc_lam (abstraction
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(eVar a)
(subst (eVar b) phi plug)))))) $;

As we can see, we do not need to have an axiom for the
case when we substitute for ain Aa. . . . and this is because we
can always alpha rename the bound variable to one different
from a. And indeed these are all the axioms we need to prove
the substitution theorem:

theorem subst_induction (a b phi plugl plug2: Pattern)
(diff_atoms_ab: $ a !=b $)
(a_var: $ is_sorted_func Vars a $)
(b_var: $ is_sorted_func Vars b $)
(phi_exp: $ is_exp phi $)
(plugl_exp: $ is_exp plugl $)
(plug2_exp: $ is_sorted_func Exps plug2 $)
(a_fresh: $ fresh_for a plug2 $):
$ (subst b (subst a phi plugl) plug2) ==
(subst a (subst b phi plug2)
(subst b plugl plug2)) $

The proof goes as described in the previous section.

5 Related Work

The closest related work is [5], where nominal logic is ax-
iomatized as a theory in matching logic without mu. As
explained in Section 3, thanks to the use of y here we are
able to specify the “no junk” axioms that are needed to de-
rive induction principles, so we could state the induction
principle for the lambda calculus as a theorem, whereas in
previous work it had to be taken as an axiom.

In terms of the derivation of induction principles in Match-
ing Logic, the most recent and relevant works are [3] and
[12]. In this paper we actually make the observation that
the techniques used in both of these works can indeed be
generalised to arbitrary algebraic data types, provided that
they are not coinductive and have at least one non-inductive
production.

The possibility to provide so-called strong induction prin-
ciples that build-in Barendregt-style conventions regarding
renaming and freshness of bound names was seen from
an early stage as an important advantage of nominal tech-
niques [6, 10]. Urban et al. [15] formalised this connection in
the context of Nominal Isabelle, an extension of Isabelle/HOL
to include support for nominal techniques including atoms,
nominal datatypes, defining functions and inductive rules
over nominal datatypes, reasoning about equivariance, and
strong induction principles. In Nominal Isabelle, nominal sets
are internal constructions; rather than modifying the foun-
dational theory, nominal sets and related concepts are de-
fined in terms of ordinary higher-order logic, with additional
proof automation and keywords supported by the Isabelle
infrastructure. This has the advantage of ensuring compat-
ibility with Isabelle/HOL’s large collection of libraries, but
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means that certain expected properties of nominal sets and
datatypes do not come for free and have to be proved anew
for each new type, recursive function or inductive definition.
The strong induction principles, while providing convenient
freshness constraints in cases involving binders, can require
some extra effort to discharge proof obligations and use cor-
rectly. In contrast, our approach does not bake freshness
assumptions into the induction principle, and just uses the
standard fixpoint induction rule, but then some care is re-
quired to reason about cases involving binding.

6 Conclusions

We proposed a specification of nominal logic as a theory
in matching-mu logic, and showed how it can be used to
define algebraic data types that include binding operators
and to reason about their properties. Taking advantage of
patterns and the abstraction construct from nominal logic,
we can specify “no junk” axioms that enable the automatic
derivation of induction principles that take into account the
a-equality relation generated by the binders. In contrast,
induction principles are not derivable in prior specifications
of nominal logic in matching logic without y. We showed
how to use these principles to build proofs by induction
taking advantage of the expressive power of matching logic,
that allows us to model properties as patterns. To illustrate
the techniques we defined the type of lambda-terms and
derived an induction principle, which we used to prove the
substitution lemma of the lambda-calculus.

The techniques presented in this paper have been formal-
ized in Metamath Zero, using the existing Matching Logic
library, which we extended with axioms to specify nomi-
nal logic and the lambda-calculus. Although the simplicity
and minimal trust base of Metamath make it an excellent
choice for this kind of formalization, the techniques could
be adapted to be used in other proof assistants provided a
matching logic library is available.

A Code

In this section we highlight some relevant snippets of the
code of the formalization, written in Metamath Zero.

The formalization builds on top of a former Matching
Logic MMO library. We will omit details related to this core
library, choosing instead to focus here on the new contribu-
tions. Below is the complete formalisation of Nominal Logic,
including the usual axioms of Nominal Logic translated in
our formalization as Matching Logic statements, as discussed
in Sections 3 and 4:

term atoms_sym: Symbol;
def atoms: Pattern = $ sym atoms_sym $;

axiom sort_atoms: $ is_sort atoms $;

term nominal_sorts_sym: Symbol;
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def nominal_sorts: Pattern = $ is_atom_sort alpha $ >
$ sym nominal_sorts_sym $; $ is_nominal_sort tau $ >
axiom sort_nominal_sorts: $ ,(is_function '(sym swap_sym)
$ is_sort nominal_sorts $; '[alpha alpha taul 'tau) $;

axiom function_swap_atom:

axiom atoms_nominal_sorts: $ is_atom_sort alpha $ >

$ dom atoms C= dom nominal_sorts $; $ ,(is_function '(sym swap_sym)

'[alpha alpha alphal 'alpha) $;

term sort_abstraction_sym: Symbol; axiom function_abstraction:
def sort_abstraction (abs body: Pattern): Pattern = $ is_atom_sort alpha $ >

$ (sym sort_abstraction_sym) @@ abs @@ body $; $ is_nominal_sort tau $ >
axiom function_sort_abstraction: $ ,(is_function '(sym abstraction_sym)

$ ,(is_function '(sym sort_abstraction_sym) '[alpha taul '(sort_abstraction alpha tau)) $;

'[atoms nominal_sorts] 'nominal_sorts) $; axiom multifunction_supp:

$ is_atom_sort alpha $ >

def is_atom_sort (alpha: Pattern): Pattern = $ is_nominal_sort tau $ >

$ (is_func alpha) /\ (alpha C= dom atoms) $; $ ,(is_multi_function '(sym supp_sym)
def is_nominal_sort (tau: Pattern): Pattern = '[tau] 'alpha) $;

$ (is_func tau) /\ (tau C= dom nominal_sorts) $; axiom function_comma:
def is_atom (a alpha: Pattern): Pattern = $ is_nominal_sort taul $ >

$ is_sorted_func (dom alpha) a $; $ is_nominal_sort tau2 $ >

$ ,(is_function '(sym comma_sym)
axiom nominal_sorts_are_sorts: '[taul tau2] 'comma_sort) $;
$ (is_nominal_sort phi) -> (is_sort phi) $;
axiom EV_abstraction {a b: EVar}

term swap_sym: Symbol; (alpha tau: Pattern) (phi psi: Pattern a b):
def swap (a b phi: Pattern): Pattern = $ is_atom_sort alpha $ >
$ (sym swap_sym) @@ a @@ b @@ phi $; $ is_nominal_sort tau $ >
term abstraction_sym: Symbol; $ s_forall alpha a (s_forall alpha b (
def abstraction (phi rho: Pattern): Pattern = (is_of_sort phi alpha) —->
$ (sym abstraction_sym) @@ phi @@ rho $; (is_of_sort psi tau) ->
term supp_sym: Symbol; ((swap (eVar a) (eVar b)
def supp (phi: Pattern): Pattern = (abstraction phi psi)) ==
$ (sym supp_sym) @@ phi $; abstraction
def fresh_for (phi psi: Pattern): Pattern = (swap (eVar a) (eVar b) phi)
$ ~ (phi C= supp psi) $; (swap (eVar a) (eVar b) psi)))) $;
term comma_sym: Symbol;
def comma (phi psi: Pattern): Pattern = axiom EV_swap {a b c d: EVar} (alpha tau: Pattern)
$ (sym comma_sym) @@ phi @@ psi $; (phi: Pattern a b c d):
infixl comma: $,,$ prec 35; $ is_atom_sort alpha $ >
term comma_sort_sym: Symbol; $ is_nominal_sort tau $ >
def comma_sort: Pattern = $ s_forall alpha a (s_forall alpha b (
$ sym comma_sort_sym $; s_forall alpha c¢ (s_forall alpha d (
(is_of_sort phi alpha) ->
axiom comma_sort_nominal: (is_of_sort psi tau) ->
$ is_nominal_sort comma_sort $; ((swap (evar a) (eVar b)
(swap (eVar c) (eVar d) phi)) ==
def EV_pattern {.a .b: EVar} swap
(alpha phi: Pattern): Pattern = (swap (eVar a) (eVar b) (eVar c))
$ s_forall alpha a (s_forall alpha b ( (swap (eVar a) (eVar b) (eVar d))
(swap (eVar a) (eVar b) phi) == phi)) $; (swap (eVar a) (eVar b) phi)))))) $;
axiom function_swap: axiom EV_supp {a b: EVar} (alpha tau: Pattern)
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(phi: Pattern a b):

$ is_atom_sort alpha $ >

$ is_nominal_sort tau $ >

$ s_forall alpha a (s_forall alpha b (
(is_of_sort phi tau) ->
((swap (eVar a) (eVar b) (supp phi)) ==
supp (swap (eVar a) (eVar b) phi)))) $;

axiom EV_comma {a b: EVar} (alpha tau: Pattern)

(phil phi2: Pattern a b):

$ is_atom_sort alpha $ >

$ is_nominal_sort tau $ >

$ s_forall alpha a (s_forall alpha b (
(is_of_sort phil tau) ->
(is_of_sort phi2 tau) ->
((swap (eVar a) (eVar b) (phil ,, phi2)) ==
((swap (eVar a) (eVar b) phil) ,,
(swap (eVar a) (eVar b) phi2))))) $;

axiom fresh_comma {a: EVar} (alpha taul tau2: Pattern)

(phil phi2: Pattern a):

$ is_atom_sort alpha $ >

$ is_nominal_sort taul $ >

$ is_nominal_sort tau2 $ >

$ s_forall alpha a (
(is_of_sort phil taul) ->
(is_of_sort phi2 tau2) ->
(fresh_for (eVar a) (phil ,, phi2)) ->
(fresh_for (eVar a) phil) /\
(fresh_for (eVar a) phi2)) $;

axiom S1 (alpha tau a phi: Pattern):

$ is_atom_sort alpha $ >

$ is_nominal_sort tau $ >

$ (is_atom a alpha) ->
(is_of_sort phi tau) ->
((swap a a phi) == phi) $;

axiom S2 {a b: EVar}

(alpha tau phi: Pattern a b):
$ is_atom_sort alpha $ >
$ is_nominal_sort tau $ >
$ s_forall alpha a (

s_forall alpha b (

(is_of_sort phi tau) —->

((swap (eVar a) (eVar b)

(swap (eVar a) (eVar b) phi)) == phi))) $;

axiom S3 {a b: EVar} (alpha: Pattern a b):

$ is_atom_sort alpha $ >

$ s_forall alpha a (
s_forall alpha b (
((swap (eVar a) (eVar b) (eVar a)) ==
(evar b)))) $;

axiom F1 {a b: EVar} (alpha tau phi: Pattern a b):
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$ is_atom_sort alpha $ >
$ is_nominal_sort tau $ >
$ s_forall alpha a (
s_forall alpha b (
(is_of_sort phi tau) ->
((fresh_for (eVar a) phi) /\
(fresh_for (evVar b) phi) ->
((swap (evar a) (eVar b) phi) == phi)))) $;
axiom F2 {a b: EVar} (alpha: Pattern a b):
$ is_atom_sort alpha $ >
$ s_forall alpha a (
s_forall alpha b (
(((evar a) != (evar b)) <->
(fresh_for (eVar a) (eVar b))))) $;
axiom F3 {a b: EVar} (alphal alpha2: Pattern a b):
$ is_atom_sort alphal $ >
$ is_atom_sort alpha2 $ >
$ s_forall alpha a (
s_forall alpha b (
(alphal != alpha2) ->
((evar a) != (eVar b)))) $;
axiom F4 {a: EVar} (alpha tau phi: Pattern):
$ is_atom_sort alpha $ >
$ is_nominal_sort tau $ >
$ (is_sorted_func (dom tau) phi) ->
(s_exists alpha a (fresh_for (eVar a) phi)) $;
axiom A1 {a b: EVar} (alpha tau phi rho: Pattern a b):
$ is_atom_sort alpha $ >
$ is_nominal_sort tau $ >
$ s_forall alpha a (
s_forall alpha b (
(is_of_sort phi tau) ->
(is_of_sort rho tau) ->
(((abstraction (evVar a) phi) ==
(abstraction (eVar b) rho)) <->
(((evar a) == (eVar b)) /\ (phi == rho)) \/
((fresh_for (eVar a) rho) /\
((swap (eVar a) (eVar b) phi) == rho))))) $;
axiom A2 (alpha tau: Pattern) {x a y: EVar}:
$ is_atom_sort alpha $ >
$ is_nominal_sort tau $ >
$ s_forall (sort_abstraction alpha tau) x
(s_exists alpha a (s_exists tau y
(eVar x == abstraction (eVar a) (eVar y)))) $;

def coercion (a phi: Pattern) {.y: EVar}: Pattern =
$ exists y (evar y /\
((abstraction a (eVar y)) == phi)) $;

Below we have the axiomatization of lambda calculus:

term Var_sym: Symbol;
def Var: Pattern = $ sym Var_sym $;
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def Vars: Pattern = $ dom Var $; \/ (lc_app (sVar X) (sVar X))
def is_var (p: Pattern): Pattern = \/ (lc_lam

$ is_of_sort p Var $; (abstraction Vars (sVar X)))) $;
axiom Var_atom: $ is_atom_sort Var $; axiom function_subst:

$ ,(is_function '(sym subst_sym)

term Exp_sym: Symbol; '[Var Exp Exp]l 'Exp) $;
def Exp: Pattern = $ sym Exp_sym $; axiom EV_subst {a b: EVar} (c phi plug: Pattern a b):
def Exps: Pattern = $ dom Exp $; $ s_forall Var a (s_forall Var b (
def is_exp (p: Pattern): Pattern = (is_var c) —>
$ is_of_sort p Exp $; (is_exp phi) ->
axiom Exp_sort: $ is_nominal_sort Exp $; (is_exp plug) ->

((swap (eVar a) (eVar b) (subst c phi plug)) ==

term lc_var_sym: Symbol; subst
def lc_var (phi: Pattern): Pattern = (swap (eVar a) (eVar b) c)
$ (sym lc_var_sym) @@ phi $; (swap (eVar a) (eVar b) phi)
axiom function_lc_var: (swap (eVar a) (eVar b) plug)))) $;
$ ,(is_function '(sym lc_var_sym) '[Var] 'Exp) $; axiom subst_fresh {a: EVar} (phi plug: Pattern a):
axiom EV_lc_var {a b: EVar} (c: Pattern a b): $ s_forall Var a (
$ s_forall Var a (s_forall Var b ( (is_exp phi) —>
(is_of_sort c Var) -> (is_exp plug) ->
((swap (eVar a) (eVar b) (lc_var c)) == (fresh_for (eVar a) phi) ->
lc_var (swap (eVar a) (eVar b) c)))) $; ((subst (eVar a) phi plug) == phi)) $;
axiom subst_same_var {a: EVar} (plug: Pattern a):
term lc_app_sym: Symbol; $ s_forall Var a (
def lc_app (phi rho: Pattern): Pattern = (is_exp plug) ->
$ (sym lc_app_sym) @@ phi @@ rho $; ((subst (eVar a) (lc_var (eVar a)) plug) ==
axiom function_lc_app: plug)) $;
$ , (is_function '(sym lc_var_app) '[Exp Exp] 'Exp) $; axiom subst_diff_var {a b: EVar} (plug: Pattern a b):
axiom EV_lc_app {a b: EVar} (phi psi: Pattern a b): $ s_forall Var a (
$ s_forall Var a (s_forall Var b ( s_forall Var b (
(is_of_sort phi Exp) -> ((evar a) != (evVar b)) ->
(is_of_sort psi Exp) -> (is_exp plug) ->
((swap (eVar a) (eVar b) (lc_app phi psi)) == ((subst (eVar b) (lc_var (eVar a)) plug) ==
lc_app (lc_var (evVar a))))) $;
(swap (eVar a) (eVar b) phi) axiom subst_var {a b: EVar} (plug: Pattern a b):
(swap (eVar a) (eVar b) psi)))) $; $ s_forall Var a (
s_forall Var b (
term lc_lam_sym: Symbol; ((eVar a) == (eVar b)) ->
def lc_lam (phi: Pattern): Pattern = (is_exp plug) ->
$ (sym lc_lam_sym) @@ phi $; ((subst (eVar b) (lc_var (eVar a)) plug) ==
def lc_lam_a (a p: Pattern): Pattern = plug))) $;
$ lc_lam (abstraction a p) $; axiom subst_app {a: EVar} (phil phi2 plug: Pattern a):
axiom function_lc_lam: $ s_forall Var a (
$ ,(is_function '(sym lc_lam_sym) (is_exp plug) ->
'[(sort_abstraction Var Exp)] 'Exp) $; (is_exp phil) ->
axiom EV_lc_lam {a b: EVar} (phi: Pattern a b): (is_exp phi2) ->
$ s_forall Var a (s_forall Var b ( ((subst (eVar a) (lc_app phil phi2) plug) ==
(is_of_sort phi (sort_abstraction Var Exp)) -> (lc_app
((swap (eVar a) (eVar b) (lc_lam phi)) == (subst (eVar a) phil plug)
lc_lam (swap (eVar a) (eVar b) phi)))) $; (subst (eVar a) phi2 plug)))) $;
axiom subst_lam {a b: EVar} (plug phi: Pattern a b):
axiom no_junk {X: SVar}: $ s_forall Var a (
$ Exps == mu X ( (lc_var Vars) s_forall Var b (
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((evar a) != (evar b)) ->
(fresh_for (evar a) plug) ->
(is_exp plug) ->
(is_exp phi) ->
((subst
(eVar b)
(lc_lam (abstraction (eVar a) phi))
plug) ==
(lc_lam (abstraction
(eVar a)
(subst (eVar b) phi plug)))))) $;

Below is also a selection of proved statements related to
this lambda calculus formalisation:
Induction principle:

theorem simple_induction_principle (exp_pred: Pattern):
$ (is_exp exp_pred) ->
((lc_var Vars) C= exp_pred) ->
((lc_app exp_pred exp_pred) C= exp_pred) ->
((Ic_lam (abstraction Vars exp_pred)) C=
exp_pred) ->
(Exps == exp_pred) $

Substitution lemma, proved using the induction principle
above:

theorem subst_induction (a b phi plugl plug2: Pattern)
(diff_atoms_ab: $ a !=b $)
(a_var: $ is_sorted_func Vars a $)
(b_var: $ is_sorted_func Vars b $)
(phi_exp: $ is_exp phi $)
(plugi_exp: $ is_exp plugl $)
(plug2_exp: $ is_sorted_func Exps plug2 $)
(a_fresh: $ fresh_for a plug2 $):
$ (subst b (subst a phi plugl) plug2) ==
(subst a (subst b phi plug2)
(subst b plugl plug2)) $

Data-Availability Statement
The artifact of this paper can be found at [13].
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